The generating function for descents in noncrossing trees is found. A bijection shows combinatorially why the descent generating function with descents set equal to 2 is the generating function for connected noncrossing graphs.
Introduction
A noncrossing tree is a tree drawn on n points numbered in counterclockwise order on a circle such that the edges lie entirely within the circle and do not cross. A descent is an edge from a higher to a lower label along a path from the root 1. We frequently use "g.f." to stand for "generating function". In Section 2, we find the descent g.f. for noncrossing trees. In Section 3, we show a bijection between noncrossing trees and connected noncrossing graphs that explains combinatorially why the g.f. for connected noncrossing graphs equals the descent g.f. evaluated at 2.
Descents in Noncrossing Trees
Consider, as in [2] , a noncrossing tree as a sequence of butterflies. Let
where the sum is over all trees τ , the size |τ | is the number of edges, d(τ ) is the number of descents, and a(τ ) is the number of ascents. A butterfly is an ordered pair of subtrees T and T * that lie on either side of an edge (1, i) from the root to point i, T on points greater than or equal to i and T * on points less than or equal to i, not including 1. Then we have This is because when the tree is rooted at 1, every edge from 1 contributes one to the size and one ascent; and because in one of the two wings of a butterfly the role of ascents and descents is exchanged (see Figure 1 ). That is, T = T (z, u, v) and
, and eliminating we have that D(z, u) := T (z, u, 1), the bivariate g.f. in which z marks edges and u descents, satisfies the cubic equation
Theorem 2.1. The descent g.f. D(z, u) evaluated at u equal to −1, 0, 1, and 2 gives the g.f.'s for symmetric ternary trees, Catalan numbers, ternary numbers, and connected noncrossing graphs, respectively.
Proof. If u = 0 or u = 1, then equation (3) reduces to D = 1 + zD 2 or D = 1 + zD 3 , the g.f.'s for the Catalan and ternary numbers, respectively. If u = 2, then equation (3) becomes zD 3 + D 2 − 3D + 2, the g.f. for connected noncrossing graphs as in equation (17) of [2] (let C = zD).
If u = −1, then equation (3) becomes zD 3 − 2D 2 + 3D − 1 = 0. To see that this is the g.f. for symmetric ternary trees R(z), note that a symmetric ternary tree can be decomposed into a ternary left subtree, a central symmetric ternary subtree, and a right subtree that is a reflection of the left subtree, as shown in Figure 2 . Thus R(z) = 1 + zT (z 2 )R(z), and from this and the g.f. T (z) = 1 + zT (z) 3 for ternary trees, one obtains zD 
Theorem 2.2. The coefficients of the g.f. D(z, u)
Proof. The Lagrange Inversion formula gives the coefficient of u k as a sum of the product of three binomial terms; the terms of the sum are terms of a hypergeometric series that can be evaluated by Gauss's 2 F 1 identity.
Edges n Descent g.f. Table 1 : Descent g.f. for small numbers of edges.
The descent g.f.'s for small numbers of edges n are given in Table 1 . From Theorem 2 we find that the coefficients of the n th descent g.f. are log concave and so unimodal. The , t) , where b is the highest-labeled neighbor less than t of a point in a chain of consecutive descents ending at t on the path from the root to t.
Theorem 3.1.
There is a bijection between noncrossing trees and subsets of their descents and connected noncrossing graphs, so the descent g.f. D(z, u) evaluated at 2 is the g.f.
for connected noncrossing graphs.
Proof. For every descent (s, t), find the maximal path of consecutive descents from t back to the root, and let the first point on this path be a. From the neighbors of points on the path from a to s, not including points on the path, choose the neighbor b that is the largest point less than t. The new edge corresponding to descent (s, t) is (b, t). Edge (b, t) forms a circuit, so it is a new edge. Since b is the highest neighbor on the path from a to s, (b, t) does not cross any edge in the tree or any other new edge. By adding arbitrary subsets of the new edges to a tree with d descents, one obtains 2 d distinct connected noncrossing graphs. An example of this construction is shown in Figure 3 .
To complete the proof, we need to show that any connected noncrossing graph may be constructed in this way. Given a connected noncrossing graph, we construct a tree whose new edges contain the remaining edges of the graph, as follows. Starting from the root, we select the edge to the highest non-visited vertex except that no vertex b is allowed to be selected from point t that is a neighbor of another point is a path of consecutive descents from t back to the root. The exception ensures that no "new edge" corresponding to a descent is selected during the traversal, so the spanning tree created by traversing the graph is the same as the tree from which the graph was created. 
